The potential of the copula method to construct the joint probability distribution of three hydrological variables characterizing water supply and demand (WSD) is explored for the Luhun irrigation district of China. The marginal distributions of rainfall, reference crop evapotranspiration (ET 0 ) and irrigation water are simulated by the corresponding best-fitting cumulative distribution functions.
INTRODUCTION
The water supply to an irrigation district comprises rainfall and irrigation water. Rainfall can be called natural water, while irrigation water may be denoted as man-made water.
Rainfall and irrigation water are consumed by crops to meet their water requirement. Typically, for crops in an irrigation district, reference crop evapotranspiration (ET 0 ) indicates the crop water demand. Affected, Rainfall and ET 0 are random variables as they are affected by the meteorological system and underlying surface conditions. From the perspective of hydrostatistics, irrigation water that represents an artificial water resource in an irrigation district can also be considered as a random variable. In order to describe the associated dependence structure among distribution or need not be transformed to follow the normal distribution (Zhang & Singh ) .
In the context of joint probability distribution (JPD), the simplicity and capacity of the One-parameter Symmetry Archimedean copula (Song et al. ) and Elliptical copula (Genest et al. ) 
METHODS

Cumulative distribution function
The most popular eight CPD functions that have been widely applied for hydrological variables include the normal, exponential, two-parameter gamma, Pearson III Type (P-III), generalized extreme value (GEV), Generalized Pareto (GP), lognormal and Weibull distributions (Song et al. ) .
Correlation of variables
Prior to introducing the copula method, the correlation of variables needs to be estimated. The three most widely used coefficients are Pearson's correlation coefficient γ, Kendall's correlation coefficient τ, and Spearman's correlation coefficient ρ.
Pearson's correlation coefficient γ denotes the linear relationship between random variables. Usually,
If the absolute value of γ is higher, the linear relationship between variables is more significant. The Pearson's correlation coefficient γ can be calculated by (Song
where (x i , y i ) is the sample, i ¼ 1,2, … , n; x, y are the mean values of x and y, respectively; and n is the total number of observations.
Kendall's rank correlation coefficient τ is used to measure both the linear and nonlinear correlation of variables, and it can be calculated from the following expression (Song et al. ) :
where C k n denotes 'n choose k', n is the total number of observations (x i , y j ); and i, j ¼ 1,2,3, … , n. The sign() denotes the symbol function, which is defined as
Spearman's correlation coefficient ρ can be computed by (Song et al. ) :
where n is the sample size; R i , S i are the ranks of x and y, respectively; R, S are the means of R i and S i , respectively; and i ¼ 1, 2, . . . , n.
Copula method
According to the Sklar theorem proposed in 1959 (Nelsen ), copulas are functions that characterize the dependence structure among variables by linking univariate marginal distributions to form multivariate joint distribution
exists and can be expressed as follows:
where n is the number of variables,
C() is the copula function, and θ is the parameter of interest.
Currently, three types of Symmetry Archimedean copulas are often applied in the hydrology and water resources fields (Song et al. ).The Gaussian and Student's t copulas are commonly used Elliptical copulas in these contexts. The bivariate and trivariate Gaussian copula functions are given by Equation (6) and Equation (7), respectively:
where u i (i ¼ 1, 2, 3) is the marginal function of the vari-
and ρ ij is estimated using the maximum likelihood estimation method. d refers to the variable's dimensions;
is the inverse function of the standard normal distribution; w is the integrand variable matrix, and
The bivariate and trivariate Student's t-copula functions with v-degrees of freedom are expressed with Equation (8) and Equation (9) respectively:
where v is the degree of freedom of the Student's t copula, and T À1 υ (Á) denotes the inverse function of Student's t distribution with v-degrees of freedom.
Identification and goodness-of-fit evaluation
For the bivariate variables (X, Y), the nonparametric Kolmogorov-Smirnov (K-S) test is employed to identify the copula, and the identified statistic D is written as
where n is the sample size, C k is the value of the copula function of the observed (x k , y k ) and m k is the number of observed (x k , y k ) such that x x k and y y k .
The goodness-of-fit of the copula is estimated by employing Ordinary Least Squares (OLS), BIAS and the Akaike information criterion (AIC). OLS is expressed as
where n is the sample size, Pe i is the empirical frequency of the joint probability, and P i is the frequency of the joint probability. 
AIC is given by:
where k is the number of parameters, n is the sample size, and RSS is the residual sum of squares:
RESULTS AND ANALYSIS Table 2 .
It can be seen that: (1) the inter-annual variation of rainfall, ET 0 , and irrigation water are all uneven; (2) the volume for ET 0 exceeds that for rainfall, which means more irrigation water is needed in the irrigation district; and (3) typically, ET 0 has a negative correlation with rainfall but a positive correlation exists with the irrigation water.
The statistical tests on stationarity, consistency and randomness were conducted as described by Li ().
Marginal distributions of rainfall, ET 0 , and irrigation water
The marginal distributions of rainfall, ET 0 , and irrigation water are fitted by the aforementioned eight distributions.
Using the maximum likelihood method, the parameters of the eight distributions are estimated, and the results are exhibited in Table 3 .
The K-S test is used to identify the eight marginal distributions. Assuming a significance level of 95%, the corresponding fractile value is 0.20056. Table 4 Table 4 ). From Table 4 , it is evident that the normal distribution presents the lowest value of OLS for rainfall, and same is true for the Weibull distribution for ET 0 and irrigation water. The result indicates that the normal distribution is the best-fitted marginal distribution for rainfall, while the Weibull distribution is the best one for ET 0 and irrigation water. Let F(x), F(y) and F(z) be the cumulative distribution functions of rainfall, ET 0 , and irrigation water, respectively, and the selected marginal distribution functions for rainfall, ET 0 , and irrigation water are expressed as follows:
The comparisons of empirical probability with calculated probability based on the selected marginal distributions for rainfall, ET 0 , and irrigation water are displayed in Correlation between rainfall, ET 0 , and irrigation water
The correlation coefficients between rainfall, ET 0 , and irrigation water in the Luhun irrigation district are presented in Table 5 . It can be seen that a negative correlation exists not only between rainfall and ET 0 but also between ET 0 and irrigation water, while a positive correlation exists only between ET 0 and irrigation water.
Moreover, a strong correlation exists between every pair of variables. Thus, the copula method can be applied to the given situation.
The JPD of WSD under different water supply conditions
Under the natural water supply condition
The copula method is applied to attain the JPDs of rainfall and ET 0 for the Luhun irrigation district. Because of the negative correlation between rainfall and ET 0 , the Frank, Gaussian and Student's t copulas can be used as the copula functions. The parameter θ, Kendall's rank correlation coefficient τ, and the identified statistics of the Frank, Gaussian and Student's t copulas are estimated in Table 6 . R 2 stands for the correlation coefficients of the empirical probability distributions and calculated probability distributions.
These three copulas are identified using K-S test statistic D. Taking the significance level as α ¼ 0:05, when n ¼ 44, the corresponding fractile value of the K-S statistic is 
Evidently, all three copulas pass the K-S test (Table 3) . Although the values of OLS are quite similar, the value of AIC of the Student's t copula is the least, and so the Student's t copula is the best option to describe the dependence structure of rainfall and ET 0 . Besides, Student's t copula also has the highest accuracy in terms of BIAS ¼ À 0.0164 compared to the other models.
Additionally, it can be seen that the Student's t copula has higher correlation between the computed copula and the empirical copulas compared with the other two copulas, which confirms that the Student's t copula is the most suitable option in the context. Using the Student's t copula, the JPD of rainfall and ET 0 is obtained as a surface plot in Figure 3 (a1) and a contour plot in Figure 3(b1) .
Under the man-made water supply condition
In order to construct the JPD of ET 0 and irrigation water, five bivariate copulas-that is, the Frank, Clayton, Gumbel, Gaussian, and Student's t copulas-are chosen to depict the dependence structure between the two variables.
Using the previous formulas, the parameters and K-S test statistic D are estimated, and the goodness-of-fit is assessed by using OLS, BIAS and AIC (shown in Table 7 ).
It can be seen that the statistic D is lower than the fractile value D 0 ¼ 0.20056, which indicates that the chosen five copulas pass the K-S test and thus, they can all be accepted.
However, the Clayton copula is considered as the most appropriate one because it provides the lowest values of OLS and AIC. Besides, the Clayton copula also has the highest accuracy in terms of BIAS ¼ À0.0126 compared to other models. In addition, it can be observed that the Clayton copula performs better, as evidenced by the higher correlation coefficient (R 2 ) between the empirical copula and the calculated copula. Thus, it is reasonable that the Clayton copula be selected to describe the JPD of ET 0 and irrigation water as a surface plot, displayed in Figure 3(a2) , and a contour plot in Figure 3(b2) .
Under the natural-man-made WSD condition
The JPDs of rainfall, ET 0 , and irrigation water are established using the Frank, Clayton, Gumbel, Gaussian, and Student's t copulas. Next, the corresponding parameters are estimated using the maximum likelihood method.
Then, the best-fitted joint CPDs are identified as follows.
Firstly, the K-S test is used to obtain the available copula functions. Secondly, the minimum deviation squares and AIC are employed to determine the best-fitted joint distribution. Table 8 Furthermore, the Student's t copula has a higher correlation coefficient (R 2 ), as exhibited in Table 5 . Therefore, the Student's t copula can best characterize the dependence Figure 2 | Comparison of empirical probability with calculated probability based on the selected marginal distribution for rainfall (a), ET0 (b), and irrigation water (c). For the trivariate JPD of pair (rainfall, ET 0 , IR), when the value of JPD is between 0.1 and 0.2 or 0.8 and 0.9, the contour surface has larger spacing than that for JPD between 0.2 and 0.8. Thus, we conclude that considering the trivariate JPD can lead to a more accurate result.
The joint return period can be obtained with the constructed JPD of rainfall, ET 0 and irrigation water.
Moreover, the encountered events of (rainfall,ET 0 , IR) can be obtained under the same return period. Thus, the exceeded risk of any given planning indicator in the encountered events can be calculated, and the risk scope of a planning indicator corresponding to a return period can also be provided. For example, if an appropriate distribution of (rainfall, ET 0 , IR) in a typical year is determined, different groups of designed rainfall, ET 0 and irrigation water surfaces can be obtained simultaneously using the same frequency amplification method. This understanding will provide an added guidance for irrigation planning.
CONCLUSIONS
The study describes the joint behaviour of three hydrological variables (rainfall, ET 0 and irrigation water) as a 44-year were investigated using the copula method, estimated marginal distributions, and their correlations. The findings imply that the trivariate JPD outperforms the bivariate distribution in terms of reflecting the water shortage risk in reality. Among the eight popular CPD functions that were tested, the marginal distribution of rainfall can be best conveyed by a normal distribution, while for ET 0 and irrigation water, the Weibull distribution is the best choice. Moreover, ET 0 exhibits a negative correlation with rainfall, as well as irrigation water. However, a positive correlation exists between ET 0 and irrigation water.
After selection of the Symmetry Archimedean copulas and Elliptical copulas, the joint distributions of the natural WSD (involving rainfall and ET 0 ) and the natural-manmade WSD (involving rainfall, irrigation water and ET 0 )
can be adequately described by the Student's t copula. However, the dependence structure of ET 0 and irrigation water, representing the man-made water demand and supply, can be well presented by the Clayton copula. This study attempted to identify the best general method for modelling the dependence structure among trivariates and showed that the copula is a robust method for water shortage risk assessment in the irrigation district.
